ABSTRACT. Let N k Ă S k`2 be a closed oriented submanifold, denote its complement by CpN q " S k`2 zN . Denote by ξ P H 1 pCpN qq the class dual to N . The Morse-Novikov number of CpN q is by definition the minimal possible number of critical points of a regular Morse map CpN q Ñ S 1 belonging to ξ. In the first part of this paper we study the case when N is the twist frame spun knot associated to an m-knot K. We obtain a formula which relates the Morse-Novikov numbers of N and K and generalizes the classical results of D. Roseman and E.C. Zeeman about fibrations of spun knots. In the second part we apply the obtained results to the computation of Morse-Novikov numbers of surface-links in 4-sphere.
1. INTRODUCTION 1.1. Overview of the article. Let N k Ă S k`2 be a closed oriented submanifold, let CpN q " S k`2 zN be its complement. The orientation of N determines a cohomology class ξ P H 1 pCpN« rCpN q, S 1 s. We say that N is fibred if there is a Morse map f : CpN q Ñ S 1 homotopic to ξ which is regular nearby N (see Def 1.1) and has no critical points. In general a Morse map CpN q Ñ S 1 has some critical points, the minimal number of these critical points will be called the Morse-Novikov number of N and denoted MN pCpN qq.
In the first part of this paper we study this invariant in relation with constructions of spinning. The classical Artin's spinning construction [2] associates to each knot K Ă S 3 a 2-knot SpKq Ă S 4 . A twisted version of this construction is due to E.C. Zeeman [14] . In [12] D. Roseman introduced a frame spinning construction, and G. Friedman [4] gave a twisted version of generalized Roseman's construction to include twisting.
The input data for twist frame spinning construction is: (TFS1) A closed manifold M k Ă S m`k with trivial (and framed ) normal bundle. To these data one associates an n-knot σpM, K, λq, where n " k`m (see Section 2). We prove in Section 2 the following formula: (1) MN pCpσpM, K, λMN pCpKqq¨MN pM, rλsq (where MN pM, rλsq is the minimal number of critical points of a map M Ñ S 1 homotopic to λ.) If λ is null-homotopic, we have MN pCpσpM, KMN pCpKqq¨MpM q (where MpM q is the Morse number of M ). In particular, if K is fibred, then the framed spun knot σpM, Kq is fibred (A theorem due to D. Roseman [12] ). If in formula (1) the map l : M Ñ S 1 has no critical points, then the knot σpM, K, λq is fibred, and we recover the classical result of E.C. Zeeman [14] : for any knot its twist-spun knot is fibered. In section 3 we discuss a geometric construction which is related to spinning, namely rotation of a knot K m Ă S m`2 around equatorial sphere Σ of S m`2 . The resulting submanifold RpKq is diffeomorphic to S 1ˆSm and is sometimes called spun torus of K. We prove that
Section 4 is about Morse-Novikov theory for surface-links. In Subsection 4.1 we introduce a related invariant of surface-links, namely the saddle number sdpF q (Definition 4.1) and prove the formula (2) MN pCpF2sdpF q`χpF q´2.
In Subsection 4.2 we discuss the case of spun knots. In subsection 4.3 we apply the results of Sections 2 and 3 and the formula (2) to determine the Morse-Novikov numbers of certain surface-links. In [13] K. Yoshikawa introduced a numerical invariant chpF q of surface-links F and developed a method that allowed him to enumerate all the (weakly prime) surface-links F with chpF q 10. In Subsection 4.3 we compute the Morse-Novikov numbers of the majority of the oriented surface-links of the Yoshikawa's table.
Basic definitions and lower bounds for Morse-Novikov numbers.
We start with the definition of a regular Morse map.
be a closed oriented submanifold. Denote by ξ P H 1 pCpN« rCpN q, S 1 s the cohomology class dual to the orientation of N . A Morse map f : CpN q Ñ S 1 is said to be regular if there is an orientation preserving C 8 trivialisation
of a tubular neighbourhood T pN q of N such that the restriction f |`T pN qzNs atisfies f˝Φ´1px, zq " z{|z|. An f -gradient v of a regular Morse map f : CpN q Ñ S 1 will be called regular if there is a C 8 trivialisation (3) such that Φ˚pvq equals p0, v 0 q where v 0 is the Riemannian gradient of the function z Þ Ñ z{|z|.
If f is a Morse map of a manifold to R or to S 1 , then we denote by m p pf q the number of critical points of f of index p. The number of all critical points of f is denoted by mpf q. To obtain lower bounds for numbers m p pf q one uses the Novikov homology. Let L " Zrt, t´1s; denote by p L " Zpptqq and p L Q " Qpptqq the rings of all series in one variable t with integer (respectively rational) coefficients and finite negative part. Recall that p L is a PID, and p L Q is a field. Consider the infinite cyclic covering CpN q Ñ CpN q; the Novikov homology of CpN q is defined as follows:
The rank and torsion number of the p L-module x H˚pCpNwill be denoted by p b k pCpN qq, respectively p q k pCpN qq. For any regular Morse function f there is a Novikov complex N˚pf, vq over p L generated in degree k by critical points of f of index k and such that H˚pN˚pf, vqq « x H˚pCpN qq. (see [11] ). Therefore we have the Novikov inequalities
These inequalities, which are far from being exact in general, are however very useful in particular in the case of surface-links (see Section 4).
TWIST FRAME SPUN KNOTS
We start with a recollection of the twist frame spinning construction following [12] , [5] , [4] . See the input data (TFS1) -(TFS3) for this construction on the page 1. Let a P K. Removing a small open disk Dpaq from S m`2 we obtain an embedded (knotted) disk K 0 in the disk D m`2 « S m`2 zDpaq. We identify D m`2 with the standard Euclidean disk of radius 1 and center 0 in R m`2 . We have the usual diffeomorphism
We can assume that K 0 X BD m`2 is the standard sphere S m´1 in BD m`2 " S m`1 . Moreover, we can assume that the intersection of K 0 with a neighbourhood of BD m`2 is also standard, that is,
We have a framing of M in S n ; combining this with the standard framing of S n in S n`2 we obtain a diffeomorphism
where N pM, S n`2 q is a regular neighbourhood of M in S n`2 . We can assume that the restriction of Φ to N pM, S n q gives a diffeomorphism
induced by the given framing of M . The Euclidean disc D m`2 is a subset of
is invariant with respect to this rotation as well as the intersection
This is an m-dimensional submanifold of MˆD mˆD2 . We define σpM, K, λq as follows
This is the image of an embedded n-sphere, knotted in general.
Examples and particular cases. 1) Let dim M " 0, so that M is a finite set; denote by p its cardinality. Then the n-knot σpM, K, λq is equivalent to the connected sum of p copies of K. 2) If M is the equatorial circle of the sphere S 2 , which is in turn considered as an equatorial sphere of S 4 , and λpxq " 1, we obtain the classical Artin's construction. If λ : S 1 Ñ S 1 is a map of degree d, we obtain the Zeeman's twist-spinning construction [14] .
3) If λpxq " 1 for all x P M we obtain the Roseman's construction of spinning around the manifold M [12] . In this case we will denote σpM, K, λq by σpM, Kq.
Proof. We will be using the terminology from the above construction of σpM, K, λq. We have the standard fibration
obtained from the canonical framing of S n in S n`2 . Observe that the map α " ψ 0˝Φ´1 is defined by the following formula αpx, y, zq " z |z| .
Let f : S m`2 zK Ñ S 1 be a Morse map. The restriction of f to the subset D m`2 zK 0 will be denoted by the same letter f . We can assume that the function f equals α in a neighbourhood of BD m`2 " S m`1 . In particular in a neighbourhood of BD
Define a function g on MˆD m`2 zZ by the following formula:
. Define a function ψ on the complement S n`2 zσ by the the following formula:
We will now prove that if λ is a Morse map (this can be achieved by a small perturbation of λ), then ψ is also a Morse map, and the number mpψq of its critical points satisfy mpψq " mpλq¨mpf q.
All the critical points of ψ are in N pM, S n`2 q. In this domain the function ψ is diffeomorphic to g, and the count of critical points of g is easily achieved with the help of the next lemma.
1 by the following formula:
Then g is a Morse function, Critpgq " Critpg 1 qˆCritpg 2 q and for every a 1 P Critpg 1 q, a 2 P Critpg 2 q we have ind pa 1 , a 2 q " ind pa 1 q`ind pa 2 q.
Proof. Define a function g 0 on N 1ˆN2 by the following formula
The conclusions of our Lemma hold obviously if we replace g by g 0 in the statement of the Lemma. Observe now that the function g is diffeomorphic to g 0 via the diffeomorphism px 1 , x 2 q Þ Ñ px 1 , F px 1 , x 2 qq. The lemma follows.
Corollary 2.3. Let K Ă S
3 be a classical knot, denote by SpKq the spun knot of K. Then
Proof. In this case M " S 1 and rλs " 0. We have MN pS 1 , 0q " 2 and the result follows.
The classical theorems concerning fibrations of spun knots follow from Theorem 2.1:
Proof. Since MN pKq " 0, Theorem 2.1 implies MN pσpM, Kqq " 0. Proof. Consider a great circle Σ in S 2 . The d-twist spun knot of K is by definition the n`1-knot σpΣ, K, λq in S 3 where Σ Ñ Σ is a map of degree d. The assertion follows, since MN pS 1 , λq " 0.
Remark 2.6. The Zeeman's theorem above generalizes immediately to the following statement: If MN pM, λq " 0, then the knot σpM, K, λq is fibred for any knot K.
ROTATION
Let Σ be an equatorial sphere of S n`1 . We can view the sphere S n`1 as the union of two discs D`Y D´intersecting by Σ. Consider S n`1 as the equatorial sphere of S n`2 . The sphere S n`2 can be considered as the result of rotation of the disc D`around its boundary Σ. We have the (linear orthogonal) action of S 1 on S n`2 , such that Σ is the fixed point set of the action, and the action is free on the rest of the sphere S n`2 . Let K n´1 be an pn´1q-knot in S n`1 . We can assume FIGURE 1.
The manifold RpKq is diffeomorphic to S 1ˆK . We call this constrution rotation. When dim K " 1, the manifold RpKq is sometimes called the spun torus of K.
In this section we relate the Morse-Novikov numbers of RpKq with those of K. The main aim of this section is to prove the following theorem. MN pRpKqq 2MN pKq`2.
To prove the theorem we associate to each given regular Morse function φ :
We begin by an outline of this construction for the simplest case when n " 1 and K consists of two points in S 2 (Subsection 3.1). In Subsection 3.2 we give a detailed proof of the assertion of the theorem in full generality.
Rotation of
The manifold S 2 zta, bu is fibered over S 1 , and the structure of the level lines of this fibration is shown on the figure 1 (left).
Let D´be a small 2-disc around any regular point a of f . Denote by D`the complement S 2 zInt D´, so that S 2 " D`Y D´and the discs D˘intersect by their common boundary Σ. Removing D´we obtain a map f : D`zta, bu Ñ S 1 ; the structure of its level lines is shown on the figure 1 (middle) .
The restriction f | Σ has two non-degenerate critical points: N and S. The vector v in the figure depicts the gradient of the map f . Applying the rotation construction to K 0 we obtain a trivial 2-component link RpK 0 q in S 3 . Let F 0 : S 3 zRpK 0 q Ñ S 1 be the unique S 1 -invariant function such that F 0 | D`" f . This function is continuous, but not smooth, since its level surfaces have conical singularities in the points of Σ. To repair this, we will modify the function f in a neighbourhood of Σ so that the level lines of the modified function g : D`zta, bu Ñ S 1 are as depicted on the figure 1 (right). Each non-singular level line intersecting Σ is orthogonal to Σ at the intersection point. Let G 0 : S 3 zRpK 0 q Ñ S 1 be the unique S 1 -invariant function such that G 0 | D`" g. Then G 0 is a C 8 function having two critical points N and S. Observe that the descending disc of the critical point S of the function G 0 | Σ is in Σ, therefore the descending discs of G 0 will have the same dimension 1, and ind G0 S " 1. The same reasoning holds for the ascending disc of the critical points N , therefore ind G0 N " 2.
3.2. The general case. Let Σ be the unit sphere in R n`2 , that is,
n`1 " 1u. Denote by Σ 1 its intersection with the hyperplane x n`1 " 0. Let a " p0, . . . , 0, 1q; for each point z P Σ 1 denote by Cpzq the great circle through a,´a, z, and by C 1 pzq the closed semicircle containing these three points. The projection p onto the pn`1q-th coordinate gives the bijection of C 1 pzq onto the closed interval r´1, 1s; this bijection is a diffeomorphism when restricted to C 1 pzqzta,´au. Let β : r´1, 1s Ñ r´1, 1s be a diffeomorphism such that βpxq " x for x in a neighbourhood of˘1. Then there is a unique diffeomorphismβ of Σ onto itself such that for every z the curve C 1 pzq isβ-invariant and ppβpvqq " βpppvqq for every v. The diffeomorphism β will be called the sliding, associated to β. Observe that every sliding is isotopic to the identity map.
Let D ρ Ă Σ be the geodesic disc of radius ρ centered in´a. Let
Let N pΣ ρ , q denote the geodesic tubular neighbourhood of Σ ρ . For a given ρ and ą 0 sufficiently small there is a sliding σ sending D ρ to Dá nd sending each normal geodesic segment of length 2 in N pΣ ρ , q isometrically to the corresponding normal geodesic segment in N pΣ, q. We have therefore a commutative diagram
where the vertical arrows are diffeomorphisms andσpx, τ q " pσpxq, τ q.
Let K be an pn´1q-knot in S n`1 and φ : S n`1 zK Ñ S 1 a Morse map. We can assume that
2)´a R Critf , 3) the submanifold φ´1pφp´aqq is tangent to the hyperplane defined by the equation x n " 0. The restriction φ | BD ρ can be considered as a real-valued Morse map. Choosing ρ sufficiently small we can assume that φ | Σ ρ is a Morse map having one maximum and one minimum. Denote the function φ˝Φ by h : Σ ρˆs´ , rÑ R. For ρ sufficiently small, this function has the following property: (6) If Bh Bt px, tq " 0, then Bh Bx px, tq " 0, where x P Σ ρ , t Ps´ , r.
Consider the restriction of φ to the subset S n`1 zpK Y D ρ q. Composing φ with σ´1 we obtain a function
This is a Morse map which extends to a geodesic tubular neighbourhood of Σ " BD`, and can be considered as a real-valued Morse function in this neighbourhood. The restriction φ 0 | Σ has two critical points of indices n and 0. Denote these critical points by N and S, so that ind φ0 N " n, ind φ0 S " 0. The function h 0 " φ 0˝Ψ has the following property:
Bx px, tq " 0, where x P Σ, t Ps´ , r.
Now we will modify the function φ 0 nearby Σ. Let λ : r´ , s Ñ R be a C 8 function such that λptq " |t| for t in a neighbourhood of t´ , u and λptq " t 2 for |t| {2. Define a function h 1 by the following formula:
and define a function px, λptqqpx, 0q vanishes in N and S. If t " 0, then λ 1 ptq " 0, and for px, tq to be a critical point of φ 1 it is necessary that Bh0 Bt px, λptqqpx, tq vanish, which implies that Bh0 Bt px, tqpx, tq " 0 (see the property (7)). Now we are ready to construct a Morse function on the complement to RpKq. Observe that the knot K is equivalent to the knot σpKq. By a certain abuse of notation we will replace σpKq by K, so in particular, K Ă Int D`. Add one more coordinate x n`2 and consider the sphere
The knot RpKq is defined by the following formula:
n`2¯Ă Ku. The circle S 1 acts on S n`2 by rotations in the two last coordinates. Define the Morse function φ 2 on the complement to RpKq by the two following properties:
The second property implies that
Observe that the property 2) of the function φ 1 guarantees that φ 2 is C 8 on the subset S n`2 zRpKq.
2) The critical points N and S are non-degenerate, and
Proof. The point 1) is easy to deduce from the definition of φ 2 . As for the indices of the critical points observe that the descending disc of the critical point N in N pΣ, q belongs to the sphere Σ which is fixed by the action of S 1 . Thus the index of N does not change when we replace φ 1 by φ 2 . A similar argument applies to the ascending disc of S, and this implies the rest of the proposition.
Each critical point of φ 1 gives rise to a circle of critical poins of φ 2 . Using the same method, as in the previous work of the authors, we wwe perturb the function φ 2 in a neighbourhood of each of these critical circles, and obtain finally a regular Morse function Rpφq on the complement to RpKq such that
This completes the proof of Theorem 3.1.
4-thread spinning.
In this subsection we give a brief description of one more construction of surface-links. Let L Ă S 3 be a classical link and φ : S 3 zL Ñ S 1 a Morse map. Let p, q P L and let γ : r0, 1s Ñ S 3 be a C 8 curve joining p and q and belonging entirely to one of the regular level surfaces φ´1pλq of the map φ. We assume morover that Im γ X L " tp, qu, and that γ 1 p0q and γ 1 p1q are not tangent to L. Let D be a small neighbourhood of Im γ diffeomorphic to a 3-disc. Denote by Σ its boundary. We can assume that L X Σ consists of four points and that L is orthogonal to Σ at each of these points. Denote by S 2 0 the 2-sphere with 4 points removed. Recall that there is a standard Morse function φ 0 on S 2 0 having 2 critical points of indices 1. We can assume that the restriction of φ to ΣzL is diffeomorphic to φ 0 .
Remove the interior of D from S 3 and rotate the remaining manifold S 3 zInt D around Σ. We obtain the sphere S 4 ; the subset which is spun by LzInt D during the rotation is an embedded 2-surface in S 4 . We call this construction 4-thread spinning to distinguish it from the usual spinning, and denote the resulting surface-link by S 1 pLq. If p and q are on different connected components of L, then the number of connected components of S 1 pLq is the same as for L. If p and q are in different connected components of L, then the number of connected components of S 1 pLq equals that of L increased by 1. Applying the same method as in the Subsection 3.2 we can construct a Morse function r φ on S 4 zS 1 pLq Ñ S 1 such that mp r φq " mpφq`2.
Corollary 3.4.
MN pS 1 pLqq 2MN pLq`2.
SURFACE-LINKS
In this section we develop circle-valued Morse theory for surface-links. [13] suggested a method for enumerating surface-links. To each surface-link F he associated a natural number chpF q. His methods allowed him to make a list of all (weakly prime) surfacelinks F with chpF q 10. It is clear from the definition of the invariant chpF q that we have sdpF q chpF q. In the rest of this section we assume that the reader is familiar with Yoshikawa's work, and with his terminology. There are 6 two-knots in Yoshikawa's table, namely
The trivial 2-knot 0 1 is obviously fibred. The knots 8 1 and 10 1 are spun knots of the trefoil knot and respectively of the figure 8 knot, thus both 8 1 and 10 1 are fibred by [1] .
The case of 9 1 is more complicated. The saddle number of this 2-knot is 2. Therefore MN p9 1 q 4. Using the presentation of the fundamental group of the complement to 9 1 (see [13] ) and Poincaré duality properties it is easy to compute the Novikov numbers of 9 1 . Namely we have p q 1 " 1, p q 2 " p q 3 " 0. Therefore
The 2-knot 10 2 is the 2-twist-spun knot of the trefoil knot, hence fibered by Zeeman's theorem [14] . Similarly, 10 3 is fibered, being the 3-twist spun of the trefoil knot.
The surface-link 6 
